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Markov diffusion processes

B H:RY - R, H(x) energy of state or configuration x € R?
B Gradient dynamical system with noise

Xn+1 — Xn = _VH(XH) +9n
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Fokker—Planck evolution equation and generator

B Let p;: RY — R, be the density of Law(X;) with respect to u
B Fokker—Planck evolution equation and generator

Oipt = Gpy where  Gf = Af—(VH,Vf).

B The operator —G is symmetric and non-negative in L2(u)
B Decay to the equilibrium: for all py,

Otllor— 172y = 0:Vary (pr) = 2By (pGpr) = —2B (|Vpr[?) < 0.
B Exponential decay equivalent to Poincaré inequality: for all p > 0,

BV

Vpo, t, Var, (p;) < e’z’”VarH (po) iif Vf, Var,(f) < )
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L Poincaré inequality

Exactly solvable model: Ornstein—Uhlenbeck process
B Gaussian model: H(x) = |X‘ ,dX; = —X;dt +dB;,
b ¥ (Ods), GHx) — A — (V)
B Mehler formula: Law (X; | Xo = x) = A (xe™!, (1 —e~2")Iy).
M Hermite orthonormal polynomials (Pp) .~
0¢]
GPn=—nP, and G(-) = — > n,Po)Py
n=0
B Spectral decomposition and spectral gap

0
= Z e_nt<pO,Pn>Pn.
n=0

B Optimal Poincaré inequality, equality achieved for f = P;
Vary (f) < Ey ([V1?).
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Comparison to Gaussianity via convexity

Theorem (Brascamp—Lieb 1976)

C_H(X)

If (dx) = &5=dx, V2H > 0 on RY, then for any smooth f : RY — R,

Vary (f) < E ((V2H) V£, VF)

B Proof by induction on dimension d

B Ornstein-Uhlenbeck: V2H = I,

B Convexity: V2H = ply > 0 gives Poincaré with 1/p

B H convex means that p(dx) = e~ "dx is log-concave

B Jensen divergence: Vary () = E,®(f) — ®(E,f), ®(u) = v?
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Theorem (Bakry—Emery 1984)

If u(dx) = e_;(x) dx, V2H = ply > 0, then for any convex ® : [ — R

with (u, v) — & (u)v? convex and any smooth f : RY — |

B, (¢"(F)|VF?)

E,d(f) — O(E,f) < ;

B Proof by semigroup interpolation e(!=9)G(d(e59f)), e!Cf = Ef(X;)
B Ornstein-Uhlenbeck: V2H = I,

M Poincaré: | =R, ®(u) = u?

M Beckner: /=R, ®(u) =uP,1<p<2

B Logarithmic Sobolev: / =R, ®(u) = ulog(u)
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Theorem (Caffarelli 2000)

If p(dx) = e_;(x) dx, V2H = ply > 0, then u is the image of A (0, Iy)

by a Lipschitz function F : RY — RY with | F lLip < \/Lﬁ.

B Proof by Monge—Ampére equation: f = det(DF)g
B Gives Poincaré from the Gaussian by transportation:

Vary, (f) = Var_y (g 1,y (f(F))
<E 0. (IVI(F))?)
< Eu (V)
p

B Gives also any $-Sobolev inequality from the Gaussian!

10/26



Dynamics of a planar Coulomb gas

L Poincaré inequality

KLS conjecture

Conjecture (Kannan—Lovasz—Simonovits 1995)

There exists a universal constant C > 0 such that for any dimension
d > 1 and any smooth H : R — R with V?H > 0 and Cov = I,
w(dx) = ﬁdx satisfies to a Poincaré inequality with constant C.
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Gaussian Hermitian Random Matrices

n?— 2
B Herm,,,=R"2%" = R"™ =R

B Boltzmann—Gibbs measure

e~ 2 Tr(M?)
p(dM) = ———dum

B Stochastic Differential Equation a la Ornstein—Uhlenbeck

dB;
dM; = —Mdt + —.
t rdt + 7

B Change of variable: if spec(M) = {x1,...,Xn},

M = UDU* with D = diag(x1,...,Xn)
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B Herm,,,=R"2%" = R"™ =R

B Boltzmann—Gibbs measure

e~ 2 Tr(M?)
w(dm) = TdM

B Stochastic Differential Equation a la Ornstein—Uhlenbeck

dB;
dM; = —Mdt + —.
t rdt + 7

B Change of variable: if spec(M) = {x1,...,Xn},
M = UDU* with D = diag(x1,...,Xn)

B Stochastic process of spectrum?
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D={(x1,...., %) ER" 1 xy < -+ < xp}
B Boltzmann-Gibbs measure via change of variable
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, -2 1 dBi
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B Well-posedness: ..., Rogers—Shi, ...

B Poincaré and log-Sobolev: ..., Erdés—Yau et al, . ..
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B Freeman Dyson
A Brownian-motion model for the eigenvalues of a random matrix
Journal of Mathematical Physics 3 (1962) 1191-1198.
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An introduction to random matrices (CUP 2009)
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Freeman Dyson (1923 —)

Ny

B Freeman Dyson
A Brownian-motion model for the eigenvalues of a random matrix
Journal of Mathematical Physics 3 (1962) 1191-1198.
B Greg Anderson & Alice Guionnet & Ofer Zeitouni
An introduction to random matrices (CUP 2009)
B LaszI6 Erdés & Horng-Tzer Yau
Dynamical Approach To Random Matrix Theory (AMS 2017)
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e—H(x)
p(dx) =

dx with H(x

Zx +2ZIog

i<j

Xj — Xi
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B Boltzmann—Gibbs measure

e_H(X)

dx with H(x ZX +2ZIog

i<j

p(dx) = =

B Log-concavity

V2H(x) = n.
B Brascamp-Lieb or Bakry—Emery or Caffarelli
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Var, (f) <
ary () n
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B Boltzmann—Gibbs measure

e_H(X)

dx with H(x Zx +2ZIog

i<j

p(dx) = =

B Log-concavity
V2H(x) = n.
B Brascamp-Lieb or Bakry—Emery or Caffarelli

Eu(VI?)

Var, (f) <
ary () n

B Equality achieved for f(x) = x4 + - - - + x,, (compute traces)
B Lipschitz deformation of Gaussian (Hoffman—Wielandt)
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Ginibre process

B Boltzmann—-Gibbs measure on Mat,x,(C)
o~ Tr(MM*)
w(M) = idM

B Schur unitary decomposition: if {x1,...,x,} = spec(M),
M= UTU* with T=D+N and D =diag(xi,...,Xn).

B Lack of normality is generic: u({N =0}) =0
B Process on spectrum melts N and D (— Bourgade—Dubach)
B How about an O.-U. like diffusion leaving invariant u?
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B State space

D=C"\ Uiz {(x1,...,%,) € C": x; = x;}
B Boltzmann-Gibbs measure via change of variable

e*nZL xi[2—2 3 <jlog sy

w1(dx) = > dx

M Ginibre process on C" = (R?)"

. 2 X —xi dB
dX{ = —2xjdt— =% L dt+ —.
n i#jf |Xt - Xt| \/ﬁ
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B State space
D= (Cn\u,'#j{(Xh...,Xn) eC": Xj = Xj}
B Boltzmann-Gibbs measure via change of variable

1 1 1
e P (320 02+ 5 Xieylog W)

u(dx) = 7 dx

M Ginibre process on C" = (R?)"

; o X — X Op |
axi = —2—X’dt— ”Z—“dt+ \ | =2dBi.
Xi — Xx!|2 Bn

j#i
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B State space
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B Boltzmann-Gibbs measure via change of variable

1 1 1
e P (320 02+ 5 Xieylog W)

u(dx) = 7 dx

M Ginibre process on C" = (R?)"

. o X/ X!
dx! = —2—X’dt— ”Z

(04 .
Tt gty |dB.
JF#Ei |XI Xj|2 Bn
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B State space
D= (Cn\U,'#j{(Xh...,Xn) eC": Xj = Xj}
B Boltzmann-Gibbs measure via change of variable

150 2, 1 1
e—ﬁn(ﬁ St iP5 X log W)

u(dx) = 7 dx

M Ginibre process on C" = (R?)"

; a X — X O . i
dx; = —2—X’dt— "Z—’dtJm/—"dB;.
X —xq)? Bn
B RMT:B,=n?

B No convexity / Brascamp-Lieb / Bakry—Emery / Caffarelli
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B State space
D=(C”\u,-¢,-{(x1,...,x,,) eC": Xij =Xj}
B Boltzmann-Gibbs measure via change of variable

1 2 1 1
efﬁn(z S i+ X log W)

u(dx) = 7 dx

M Ginibre process on C" = (R?)"

; X — X Op i
dx; = 2—th—2—27tdt+«/—"d8§.
n =X = X2 Bn
B RMT:B,=n?

B No convexity / Brascamp—-Lieb / Bakry—Emery / Caffarelli
B No Hoffman—Wielandt for non-normal matrices
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T8D= lim TR
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Tr=inf{t>0:H(X;) >R}
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B Explosion time

T8D= lim TR
R—00
where

Tr= inf{t>o:m_ax|x;'| > Ror m;n|x{—xf| < 1/R}
i i#]
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B Positivity and coercivity
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Well posedness
Theorem (Well-posedness)

Forall Xo =x€ D,n>2,,>0, we have P(T;p = +0) = 1.

B No constraint on f3 in contrast with Rogers—Shi for Dyson O.-U. !
B Positivity and coercivity

inf H(x) >0 and lim H(x) =+
xeD x—0D
B Cutoff
W(x) = W(x) on |x| < R with W smooth
B [t6 formula

B (H(Xen7)) — H(x) — By ( f " GH(XS)ds)

0
B Rlr,<t <H(Xir7,) and GH < c,on D
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Theorem (Poincaré inequality)

For any n, the law L, satisfies a Poincaré inequality.

B Proof using Lyapunov criterion
B Bakry—Barthe—Cattiaux—Guillin Lyapunov approach
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H(x) = — : —Nlog———
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Theorem (Uniform Poincaré for one-particle)

If B, = n? then the one-particle marginal of u is log-concave and
satisfies a Poincaré inequality with a constant uniform in n.

B If B, = n? then one particle marginal of u has density
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Uniform Poincaré for the one particle marginal

Theorem (Uniform Poincaré for one-particle)

If B, = n? then the one-particle marginal of u is log-concave and
satisfies a Poincaré inequality with a constant uniform in n.

B If B, = n? then one particle marginal of u has density

e_n|z‘2 n—1 nZ|Z|2Z

zeCr— 0(2) =
T 5 0!
M Circular law ]
. {lz]<1}
I __uAs )
Jim sup ¢(2) -

P
B The function z — log >7-) I is concave!

B Second moment of ¢ bounded in n then KLS/Bobkov theorem
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(Rt)=0 = (|X,',| )i=0 s an ergodic Cox—Ingersoli-Ross process:
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Second moment dynamics

Theorem (Second moment dynamics)

(Rt)i=0 = (@) 10 s an ergodic Cox—Ingersoll-Ross process:

1 4
dR, = 4% [ﬂ n—1 R,] di+, 2% g 4B,
ﬁn nﬁn

In particular, with T, = Gamma(n+ %' By, B,), for any t > 0

Wi (Law(Ry),[,) < e 7! Wy (Law(Ro), T p).
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Second moment dynamics

Theorem (Second moment dynamics)

(Rt)i=0 = (pfg' )i=0 s an ergodic Cox—Ingersoli-Ross process:

n n-1 1 4o,
dR—4— — —R dt—u/ R;dB:;.
t [Bn t] nﬁn t t

Moreover for any x € D and t > 0, we have

an 1 n 1 0
E(Ri| Ro=r)=re” 7+ (—+———) (1 —e_4Tt).
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McKean—Vlasov mean-field limit

1 n
Vnt = ;Z‘SX{

dxi = 22" " xdt -2 O‘"Z

X! X!

(04 .
Tt gy, | dB.
7 X —xq)? Bn
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McKean—VlIasov mean-field limit

Theorem? (Limiting McKean—Vlasov equation)

Ifo =limp_o % B € [0,00) then limp_0 Vot = V¢ with

f(x) vi(dx) = fAf ) vi(dx) — fsz -V(x) vi(dx)

+f (x—y) - (Vi(x) = Vi(y))
R4 |x —yl?

dt Jge

Vi (dX) Vi (dy)
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McKean—VlIasov mean-field limit

Theorem? (Limiting McKean—-Vlasov equation)

Ifo =lim,_o % € [0,00) then limp_,0 Vit = V¢ with

0tV = AV + V- ((VV+VW*Vt)Vt).

Semi-linear Partial Differential Equation (Sznitman)
Regimes: (i, B,) = (n,n?) and (a,, Br) = (n,n) equation
Dyson O.-U. Cauchy-Stieltjes transform — Burger’s equation
Dyson O.-U. ..., Cépa-Lépingle, ..., Cabanal-Guionnet,...
Smooth interactions: ..., Carrillo-McCann—Villani (2003), . ..
Vortex model: . .., Fournier—Hauray—Mischler (2014), ...

Without noise and confinement: ..., Duerinckx (2016),. ..
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B Ergodic theorem lim;_,o 17 Sé Ox.ds = e PH
B — Metropolis Adjusted Langevin Algorithm (MALA)
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Numerical analysis and stochastic simulation

B Overdamped Langevin dynamics

dX, = —aVH(X)dt + , /%dB,

B Ergodic theorem lim;_,o 17 Sé Ox.ds = e PH
B — Metropolis Adjusted Langevin Algorithm (MALA)
B Underdamped Langevin dynamics

dX, = VU(Y;)dt
dY, =—VH(X;)—yVU(Y;)dt + \/gdBt.

B Ergodic theorem lim;_ 1 S(t) 8(x, v,)ds =e PHge 1V
B — Hamiltonian or Hybrid Monte Carlo (HMC, C.—Ferré—Stoltz)
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That'’s all folks!

Thank you for your attention.
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